Let G be a nonsingular connected mixed graph. We determine the mixed graphs G on at least seven vertices with exactly two Laplacian eigenvalues greater than 2. In addition, all mixed graphs G with exactly one Laplacian eigenvalue greater than 2 are also characterized.
Introduction
Let G = (V, E) be a mixed graph with vertex set V = V (G) = {v 1 , v 2 , . . . , v n } and edge set E = E(G) = {e 1 , e 2 , . . . , e m }, which is obtained from an undirected graph by orienting some (possibly none or all) of its edges. Then some edges of G have a special head and tail, while others do not. It is important to stress that the mixed graphs are considered underlying undirected graphs in terms of defining the path, cycle, complete graph, matching, degrees of vertices, and connectedness, etc.
For each e ∈ E(G), we define the sign of e and use the notation sgn e = 1 if e is unoriented and sgn e = −1 if e is oriented. Set a i j = sgn e if there exists an edge e joining v i and v j , and a i j = 0 otherwise. Then the resultant matrix A = (a i j ) is called the adjacency matrix of G.
The incidence matrix of G is an n × m matrix M = M(G) = (m i j ) whose entries are given by m i j = 1 if e j is an unoriented edge incident to v i or e j is an oriented edge with head v i , m i j = −1 if e j is an oriented edge with tail v i , and m i j = 0 otherwise. The Laplacian matrix of G is defined as L(G) = M M T (see [1] or [15] A mixed graph G is called quasi-bipartite if it does not contain a nonsingular cycle, or equivalently, G contains no cycles with an odd number of unoriented edges (see [1, Lemma 1] 
Suppose G is connected. If G is singular, then by Lemma 1.1 and Theorem 1.2, the spectrum of G is exactly that of − → G , and L( − → G ) is consistent with the Laplacian matrix of a simple graph. (Note that when we define the Laplacian matrix of a simple graph we first give an orientation to each edge of the graph, and then obtain the Laplacian matrix via the incidence matrix as above; see [11] .) For simple graphs, there are a wealth of results involved with the relations between its spectrum and numerous graph invariants, such as connectivity, diameter, matching number, isoperimetric number, and expanding properties of a graph; see, e.g., [3, 9, 11, 12] . For results on mixed graphs, one can refer to [1, 2, 5, 7, 8, 15, 16] .
There are many results on the eigenvalues distribution for simple graphs. Let I be an interval of the real line. The number of eigenvalues of a simple graph G, multiplicities included, that belong to I is denoted by m G (I ). In particular, if I = {λ}, then m G (λ) is just the multiplicity of λ as an eigenvalue of G. Grone et al. [10] and Merris [11] study the bounds of m G (I ) for some certain I 's, especially for I = (2, n]. Guo and Tan [9] give a lower bound for m G (2, n] in terms of the matching number of G. Petrović and Gutman et al. [13] characterize connected bipartite graphs G with m G (2, n] = 2. They also discover some connections between photoelectron spectra of saturated hydrocarbons (alkanes) and the Laplacian eigenvalues of the underlying molecular graphs. Fan and Li [6] extend the above result to connected graphs G with m G (2, n] = 2 and determined all such graphs. For similar work, one can refer to [14, 17, 18] .
In this paper, we consider the above problem on connected mixed graphs. Since the spectrum of a singular connected mixed graph is exactly that of a simple graph with the same underlying graph, we only discuss nonsingular connected mixed graphs. We determine all nonsingular connected mixed graphs on at least seven vertices with exactly two Laplacian eigenvalues greater than 2, and those mixed graphs with exactly one Laplacian eigenvalue greater than 2, respectively (note that the latter graphs are allowed to have fewer than seven vertices).
Another motivation for our research can be explained as follows. Consider the edge version of the Laplacian matrix of G, [2] ), where G l is the line graph of G (see [15] ). Since K (G) and L(G) have the same nonzero eigenvalues, the distribution of eigenvalues of L(G) greater than 2 is the same as that of A(G l ) greater than 0.
Preliminaries
Let G be a mixed graph on n vertices and let D be a signature matrix of order n. Then D T L(G)D is the Laplacian matrix of a graph with the same underlying graph as G. So each signature matrix of order n gives a re-signing of the edges of G (that is, some oriented edges of G may turn to being unoriented and vice versa), and preserves the spectrum and the singularity of each cycle of G. We now use the notation D G to denote the graph obtained from G by a re-signing under the signature matrix D, and assume that the labelling of the vertices of D G is the same as that of G.
If we arrange the eigenvalues of G in nonincreasing order:
From this fact, we can get the following result.
Lemma 2.1. Let G be a mixed graph and H be a subgraph of G. Then m G (2, +∞) ≥ m H (2, +∞).
We now extend the results of Grone et al. [10, Corollary 4.3] and Guo and Tan [9, Theorem 2, Theorem 3] on the eigenvalue distribution of simple graphs to mixed graphs.
Theorem 2.2. Let G be a connected mixed graph on n vertices, d be the length of a longest path in G, and μ(G) be the matching number of G. Then
where square brackets indicate the greatest integer function.
Proof. Let P be a path of G with length d. We can find a spanning tree T of G which contains the path P. Then by Theorem 1.2, there exists a signature 
Let N ⊆ E(G) be a matching of G with maximum cardinality μ(G). We also can find a spanning tree T of G which contains the matching N, and a signature matrix D such that D T is all-oriented. Note that μ(T ) = μ(G). Then by Lemma 2.1 and the result of [9, Theorem 3] , for the case of n > 2μ(G),
For the case of n = 2μ(G), by [9, Theorem 2] , λ μ(G) ( D T ) = 2. Note that if a tree has an integral eigenvalue greater than 1 then this eigenvalue is simple [10] . Hence m D T (2, +∞) = μ(G) − 1. The result (iii) can be obtained similarly. 
Main results
Denote by K n a complete graph on n vertices, and hence K c n , the complement graph of K n , a graph consisting of n isolated vertices. Let (v 1 , v 2 ). In addition, for the graph G 1 ( p, q, s; 0) we need that s ≥ 2. Let G 2 = G 2 ( p; τ ) ( p ≥ 3, τ ∈ {0, 1, 2}) be an undirected graph in Fig. 3.1 on p + 4 vertices, where G 2 ( p; 2) is obtained from the complete graph K 4 by appending p pendant edges to one of its vertices, and G 2 ( p; 1) (and respectively, G 2 ( p; 0)) is obtained from G 2 ( p; 2) by deleting an edges (and respectively, two edges) incident to the vertex of degree p + 3. Note that the graphs G 1 and G 2 are both on at least seven vertices.
Denote by G the underlying undirected graph of a mixed graph G. Denote by C k a cycle of length k. Fig. 3.1 Proof. By Corollary 2.3, we get that the matching number
and G contains only cycles C 3 or C 4 .
If G contains cycles C 4 , then G contains a spanning unicyclic subgraph U with that cycle being of length 4. By (3.1), the underlying graph U of U is exactly the graph Fig. 3 .2 for some p, q, where H 1 is obtained from a cycle C 4 by appending p pendant edges and q pendant edges respectively to the two non-adjacent vertices of the cycle. If q > 0 (and necessarily (v 3 , v 4 ) ∈ E(G) by (3.1)), or q = 0 and (v 3 , v 4 ) ∈ E(G),
and hence the underlying graph G is of type G 1 of Fig. 3 . Fig. 3.2 , where H 2 is obtained from a cycle C 3 by appending p pendant edges and q pendant edges respectively to the two vertices of the cycle. One can find that G = W by (3.1), and hence G itself is of type
If the underlying graph G is of type G 2 , we assert that the cycle C on the vertices v 2 , v 3 , v 4 is nonsingular. Assume that C is singular. Then the spectrum of C is {3, 3, 0}. Let S 1, p be the (star) subgraph of G induced by v 1 and the pendant vertices incident to v 1 . Then S 1, p has one eigenvalue greater than 2 since p ≥ 3. So the graph C ∪ S 1, p (as a subgraph of G) has three eigenvalues greater than 2. Hence by Lemma 2.1, m G (2, +∞) ≥ 3, a contradiction.
We give an orientation of the graph G 1 ( p, q, s; 1) of Fig. 3 .1, such that the resultant mixed graph is Fig. 3.3 . Similarly, let
be respectively the mixed graphs in Fig. 3.3 obtained from the graph G 2 ( p, 2) of Fig. 3 .1 by giving two ways of orientation.
In the following, we will state a fact: For a nonsingular mixed graph G with G = G 1 ( p, q, s; 1) of Fig. 3.1 Fig. 3 .3. Let G = (V, E) be a mixed graph with V = {v 1 , v 2 , . . . , v n }, and let x = (x 1 , x 2 , . . . , x n ) ∈ R n be a real vector. It will be convenient to adopt the following terminology from [4] : x is said to give a valuation of the vertices of V , that is, with each vertex v i of V , we associate the value x i , i.e., x(v i ) = x i . Then λ is an eigenvalue of G with the corresponding eigenvector x = (x 1 , x 2 , . . . , x n ) if and only if x = 0 and Proof. Observe that each graph of Fig. 3 .3 has matching number 2 and has at least seven vertices, and hence has at least two eigenvalues greater than 2 by Theorem 2.2(ii). So it is enough to prove that these graphs have at most two eigenvalues greater than 2. First we discuss the graph
is an eigenvalue of the above graph with the corresponding eigenvector x. By (3.2) we can let
);
and let x(v 1 ) =: y 5 and x(v 2 ) =: y 6 . Assume further that p = q = s 1 = s 2 =: m > 0. Then Eq. 
Then
Hence f (λ) has at most one root greater than 2. Let Next we consider the graph O 2 1 of Fig. 3 .3. Suppose that λ (λ = 1) is an eigenvalue of O 2 1 . By a similar discussion, λ is a root of the following polynomial:
where
Hence O 2 1 has at most two eigenvalues greater than two.
For the last graph O 2 2 of Fig. 3 .3, if λ (λ = 1) is an eigenvalue of O 2 2 , then λ is a root of the following polynomial:
Hence O 2 2 has at most two eigenvalues greater than two. Now we give the main result of this paper. Fig. 3.1, and if G Proof. The necessity follows from Lemma 3.1.
For the sufficiency, we divide the discussion into two cases:
. In this case, by Proposition 3.2, there exists a signature matrix D such that D G is one graph of Fig. 3.3 for some parameters p, q, s 1 , s 2 . As the signature matrix preserves the spectrum of G, by Lemma 3.3, G has exactly two eigenvalues greater than 2.
Case 2: G is one of graphs G 1 ( p, q, s; 0), G 2 ( p; 0) and G 2 ( p; 1). In this case, G can be considered as a subgraph of the graph in Case 1, and hence has at most two eigenvalues greater than 2 by Lemma 2.1. However, μ(G) = 2, and by Theorem 2.2 (ii) and (iii), G has at least two eigenvalues greater than 2. The result follows.
Remark.
As above we determine all nonsingular mixed graph on at least seven vertices with exactly two eigenvalues greater than 2. For a nonsingular mixed graph on at most six vertices (and necessarily on at least three vertices as it must contain a nonsingular cycle), its eigenvalues can be obtained using the software MATHEMATICA or MATLAB. We omit the details. Proof. Suppose first that m G (2, +∞) = 1. As G contains a nonsingular cycle, if G has more than four vertices then μ(G) ≥ 2, and hence m G (2, +∞) ≥ 2 by Theorem 2.2(ii) and (iii), a contradiction. Then G has at most four vertices. Note that a singular triangle and a nonsingular cycle of length 4 both have two eigenvalues greater than 2. The necessity follows by Lemma 2.1 and the fact that G is nonsingular.
For the sufficiency, if G is the complete graph K 4 with all triangles nonsingular. Then there exists a signature matrix such than D G = K 4 . As K 4 has exactly one eigenvalue greater than 2, the result follows. If G is a subgraph of the above K 4 which contains triangles, then G has at most one eigenvalue greater than 2 by Lemma 2.1. Since 1 ≤ μ(G) ≤ 2, G has at least one eigenvalue greater than 2 by Theorem 2.2(ii) and (iii). The result also follows.
